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and Enright and Conway12 extended the method to solve trajectory
optimization problems for spacecraft. Hodges and Bless13 devel-
opeda weak Hamiltonian� nite elementmethod, and Hodges et al.14

applied it to solve an atmospheric � ight trajectory optimization
problem.

Although not extremely complex, the orbital maneuver problem
still requires nonlinear optimization. One approach to � nding so-
lutions to such problems is feedback linearization, a technique of
transforminga nonlinearsystem into an equivalent,controllablelin-
ear form by usingnonlinearstate and feedbacktransformations.The
theoretical basis was developed by Isidori et al.15 and Hunt et al.,16

building on Krener’s17 solution to the linearization problem with
only a local change of coordinates in the state space. It was applied
successfully to a helicopter autopilot problem by Meyer et al.18 It
also has been applied to solve problems involving robot arm manip-
ulation, aircraft dynamics, and electric motor control. Dwyer19;20

used this method to exactly solve two nonlinear control problems
of large-angle rotational maneuvers with external torque and mo-
mentum exchange, respectively. Recently, Van Buran and Mease21

solved an aerospaceplane guidanceproblem by using this feedback
linearization.

In previous related work,22 a new approach based on advanced
nonlinear control theory was introduced to solve orbital transfer
problems.The nonlineardynamicsystemrepresentingthe two-body
system of a spacecraft and primary gravitational source was trans-
formed into a linear controllable one by feedback linearization de-
scribed in the next section. In other words, the authors reduced the
problem to that of solving a linear control problem with dynamics
de� ned by a pair of double integrators.Linear optimal trackingsolu-
tions were obtainedby using a Lambert orbit as reference trajectory.
Here, Lambert orbit means a two-body, or Keplerian, orbit obtained
by solving Lambert’s problem.23 Also, orbit means any two-body
orbit. Furthermore, trajectory refers to the path of the spacecraft
when thrusting and coasting. Then, the solutions were transformed
back into nonlinear ones by inversion of nonlinear input transfor-
mations.This method does not producebang–bang type control, but
it gives thrust-coast-thrusttype control.

Another method for handling the nonlinear control problem is
sliding mode control.This is a type of variable structurecontrol uti-
lizing a high-speed switching control law to drive a nonlinear sys-
tem state trajectoryonto a user-chosensurface, the so-calledsliding
surface, and to maintain the system state trajectory on the sliding
surface at subsequenttimes. The conceptof a slidingsurface was in-
troduced by Filippov.24 The sliding mode control scheme allows for
system parameter uncertainty and unmodeled dynamics. However,
this technique has limits on its practicability, such as chattering
and large control effort when tracking performance requirements
are tight. Both these limitations may be minimized by employing
a boundary layer25 as a margin. Also, we can trade off tracking
performance for more reasonable control effort.

In this paper, another approach based on sliding mode control is
used to solve orbitalmaneuver problems without employingthe cal-
culus of variations.Bang–bang type solutions to orbital maneuvers
obtained by employing sliding mode control with bounded control
effort are presented. Undesirable chattering phenomena have been
removed by introducing the boundary-layerconcept.

We � rst describe the model used. Second, we provide a short sec-
tion on feedbacklinearization.Third, we reviewLambert’s theorem.
Fourth, we brie� y describe sliding mode control. This is followed
by examples of the use of feedback linearization and sliding mode
control.

II. Equations of Motion
The dynamic model chosen for this work includes a satellite that

moves under the in� uence of the Earth’s gravitational � eld and a
variable thrust acceleration.Both the Earth and satelliteare modeled
as point masses.

A two-dimensional formulation is given here, but the methods
described are applicable to three-dimensionalproblems as well. As
shown in Fig. 1, the two-dimensional inertial coordinate system
O XY , with origin at the center of the Earth, is used as the basic
reference coordinate system. The well-known equations of motion

Fig. 1 Motion of satellite in polar coordinate system.

governinga satellitethrustingin an inverse-squaregravitational� eld
in terms of local polar coordinates are

Rr ¡ r Pµ 2 D ¡.¹=r 2/ C ur (1)

r Rµ C 2Pr Pµ D uµ (2)

where r is the radial distance from the gravitational center at O to
the spacecraftat S, µ is the polar angle, and ¹ is the gravitationalpa-
rameter.

We can write the equations of motion in the vector form,

Px D f .x/ C g.x/u (3)

where x D [x1; x2; x3; x4]T D [r; µ; Pr; Pµ ]T and u D [u1; u2]T D
[ur ; uµ ]T .

III. Lambert’s Theorem
For the two-body TPBVP, Lambert23 gave a remarkable theorem

that the orbital transfer time depends only on the semimajor axis of
the transfer orbit, the sum of the distancesr1 and r2 of the initial and
� nal points, p1 and p2 , respectively, from O , and the length of the
chord joining these points, i.e.,

p
¹.t2 ¡ t1/ D F .a; r1 C r2; c/ (4)

where t2 ¡ t1 is the time required for the orbiting body to coast from
p1 to p2 . The geometrical con� guration associated with Lambert’s
problem is shown in Fig. 2.

Lambert’s theorem26 can be expressed more speci� cally as
p

¹.t2 ¡ t1/ D a
3
2 [.» ¡ sin »/ ¡ .³ ¡ sin ³ /] (5)

where a is the semimajor axis of the transfer orbit and » and ³ are
variables de� ned as

» D 2 sin¡1.
p

° =2a/ and ³ D 2 sin¡1[
p

.° ¡ c/=2a] (6)

In Eq. (6), ° D 1
2 .r1 C r2 C c/ is the semiperimeter of the triangle

Op1 p2.
For a given transfer time 1t , orbital elements may be obtained

by using Lambert’s theorem. The semimajor axis can be obtained
by solving the equation

f .a/ D
p

¹1t ¡ a
3
2 [.» ¡ sin »/ ¡ .³ ¡ sin ³ /] D 0 (7)

An ef� cientway to solveEq. (7) is with a Newton–Raphson iterative
method. For the Newton–Raphson method,

ai C 1 D ai ¡
f .ai /

f 0.ai /
(8)

Once the semimajor axis has been found, the eccentricity of the
transfer orbit may be calculated from

e2 D 1 ¡ 4
.° ¡ r1/.° ¡ r2/ sin2[.» C ³ /=2]

c2
(9)

Next, the true anomalies at the ends of the chord may be obtained
by using the familiar orbit equation,

r D
a.1 ¡ e2/

1 C e cos º
(10)

where º is the true anomaly.
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Fig. 2 Geometry of Lambert’s problem.

The initial velocityvector can be found by using standard formu-
las (see, for example, Ref. 23, p. 126) and the reference trajectories
can be generated.

IV. Feedback Linearization
As already mentioned, feedback linearization is the technique

of transforming a controllable nonlinear system into an equivalent,
controllable, linear form by using state and feedback transforma-
tions.The actualsystemandcontrollerremainnonlinear.References
25 and 26 provide detailed theoretical backgroundon feedback lin-
earization.For the sake of completeness,we give some mathematics
that is needed in understanding the technique.

For a single-input/single-output (SISO) nonlinear system of the
form

Px D f .x/ C g.x/u (11)

y D h.x/ (12)

where the vector functions f : Rn ! Rn and g: Rn ! Rn are C1

vector� elds;h: Rn ! Rn is a C1 scalarfunction;and theLie deriva-
tive of h.x/ along the direction of vector f .x/ is a scalar function
de� ned as

L f h D rh ¢ f (13)

The Lie derivative may be taken recursively:

L0
f h D h; L i

f h D L f

¡
L i¡1

f h
¢

D r
¡
L i ¡ 1

f h
¢

¢ f

for i D 1; 2; : : : (14)

The Lie bracket of f and g is a third vector � eld de� ned as

[ f ; g] D rg ¢ f ¡ rf ¢ g (15)

The Lie bracket [ f ; g] is usually written as adf g. The Lie bracket
may be de� ned recursively by

ad0
f g D g; ad i

f g D
£

f ; ad i ¡ 1
f g

¤
for i D 1; 2; : : : (16)

Consider a SISO nonlinear system in Eqs. (11) and (12) with
dimension n. There exists an output function h.x/ with relative
degree · at a point x0 if and only if the following conditions are
satis� ed:

rank.ad i
f g/ D · and distribution (1) is involutive near x0, where

rank.ad i
f g/ D

£
g.x0/; adf g.x0/; ad· ¡ 1

f g.x0/
¤

(17)

1 D span
©
g.x/; adf g.x0/; : : : ; ad· ¡ 2

f g.x/
ª

(18)

The relativedegree · is characterizedas the number of times one
has to differentiate the output function to have the input u appear
explicitly.If there exists an output functionh.x/ with relativedegree
· and the dimensionn is equal to the relativedegree,then the system
is fully feedback linearizable.

The idea of relative degree can be extended to multi-input/multi-
output (MIMO) nonlinear systems of the form

Px D f .x/ C g.x/u (19)

y D h.x/ (20)

where Px and f.x/ are n £ 1 vectors; g.x/ is n £ m; and y, h.x/, and
u are m £ 1 vectors. The MIMO nonlinear system of the form of
Eqs. (19) and (20) has a set of relative degrees · at a point x0 if

Lg j L
ki ¡ 1
f h i .x/ D 0 (21)

for all 1 · j · m , for all 1 · i · m , for all ki · ·i ¡ 1, and for all
x in a neighborhoodof x0 and the m £ m matrix,

E.x/ D

2

6664

Lg1 L k1 ¡ 1
f h1.x/ ¢ ¢ ¢ Lgm L k1 ¡ 1

f h1.x/

Lg1 L k2 ¡ 1
f h2.x/ ¢ ¢ ¢ Lgm L k2 ¡ 1

f h2.x/

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
Lg1 L km ¡ 1

f hm.x/ ¢ ¢ ¢ Lgm Lkm ¡ 1
f hm .x/

3

7775
(22)

is nonsingular at x0. The matrices (17) and (22) are equivalent to
the controllability matrix fB , AB , : : : , An ¡ 1 Bg in linear control
theory.

The feedback linearizationprocedure can be summarized as fol-
lows:

Px D f .x/ C g.x/u <
u D ®.x/ C ¯.x/º

z D W .x/
> Pz D Az C Bº

y D h.x/
(23)

The nonlinear equations that describe the system should have the
formof Eq. (19) if the system is to be transformedinto a controllable
linear one by using feedback linearization. If we obtain a proper
nonlinear change of state variables de� ned by W .x/, a nonlinear
feedback function ®.x/, and a linear invertible change of coordi-
nates in the input ¯.x/ such that the input/output behavior of the
system is linear and controllable, then Eq. (19) can be transformed
into the form

Pz D Az C Bº (24)

where z and º are new state and control variables, respectively,and
A and B are the constant system and control matrices, respectively.
This type of transformation is exact, and the control obtained from
the system is directly applicableto the nonlinearsystem without any
internal modi� cations.

For the mathematicalmodel in hand, the output relation y D h.x/
is selected as the position vector and we assume that all position
variables are fully observable. The relative degrees of the system
are f2; 2g, i.e., the sum of relative degrees · D 4, which is equal
to the system dimension. Therefore, the model is fully feedback
linearizable.A matrix form of the equations of motion, which is the
canonical form for feedback linearization, is

Pz1 D z2I Pz2 D f2.z1; z2/ C g2.z1; z2/u (25)

where z1 D [r; µ ]T I z2 D [Pr ; Pµ ]T .
If we de� ne a new control variable,

º D f2.z1; z2/ C g2.z1; z2/u (26)

then, we may reduce Eqs. (25) to

Pz1 D z2; Pz2 D º (27)

The input transformation is

u D ¡g2.z1; z2/¡1f2.z1; z2/ C g2.z1; z2/
¡1º (28)

and the state transformation is

z D W .x/ D x (29)

where g2.z1; z2/ should not be singular.
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We can write Eqs. (27) explicitly in the so-called Brunovsky
canonical form,

Pz D Az C B2v D
µ

0 I

0 0

¶µ
z1

z2

¶
C

µ
0

I

¶µ
º1

º2

¶
(30)

where z D [zT
1 ; zT

2 ]T .

V. Sliding Mode Control
Sliding mode control24 is introduced to allow for model inaccu-

racy that may come from actual uncertainty about the system due
to unknown system parameters or from the purposeful choice of a
simpli� ed model for the dynamic system. Neglecting the Earth’s
oblateness is an example of the latter. The sliding controller design
provides a systematic approach to the problem of maintaining sys-
tem stability and consistent performance in the presence of such
uncertainties.However, these methods sometimes require high con-
trol effort. Therefore, we may need a trade-off between tracking
performance and power requirements.

Slidingmode control is oftendiscussedin connectionwith an nth-
order nonlinear system. Consider, as an example, the single-input
dynamic system

x .n/ D f .x/ C b.x/u (31)

where x D [x; Px; : : : ; x .n ¡ 1/]T . The control problem is to make
the state x track a desired time-varying state trajectory de� ned by
xd D [xd ; Pxd ; : : : ; x .n ¡ 1/

d ]T in the presenceof model imprecisionon
f .x/ and b.x/u. Let the tracking error vector be

Qx D x ¡ xd D
£

Qx; PQx; : : : ; Qx .n ¡ 1/
¤T

(32)

Also, let us de� ne a time-varying sliding surface s.x; t/ by

s.x; t/ D
³

d

dt
C ¸

´n ¡ 1

Qx D 0 (33)

where ¸ is a positive constant. Then the sliding condition

1

2

d

dt
s2 · ¡´jsj (34)

where ´ is a positive constant that can be obtained from Lyapunov’s
stability theory.

Because our system is second order, let us consider, for the pur-
pose of illustration, the scalar second-order system

Rx D f C bu (35)

where f and b may be functions of x and Px .
We assume that the system dynamics de� ned by f and the con-

trol gain b are not known exactly but may be estimated as Of and
Ob, respectively. Then, the estimation error on f is assumed to be
bounded by some known function F D F.x; Px/, such that

j Of ¡ f j · F (36)

and Ob can be the geometricmean of minimum and maximum values
of b. We may de� ne a sliding surface s.x; t/ D PQx C ¸ Qx D 0 and
a desired trajectory x.t/ D xd.t/ for the system to track. We then
have

Ps D Rx ¡ Rxd C ¸ PQx D f C bu ¡ Rxd C ¸ PQx (37)

The best estimation to a continuouscontrol law that achieves Ps D 0
is25

Ou D
¡ Of C Rxd ¡ ¸ PQx

Ob
(38)

To satisfy the sliding condition (34) in the presence of uncertainty
in the dynamics f , we add a discontinuous term across the sliding
surface s D 0 to get

u D Ou ¡ k sgn.s/ (39)

From the sliding condition,we have

k D F C ´ (40)

The presence of modeling imprecision and of disturbancesoften
leads to chattering that is discontinuousacross s.x; t/. This can be
eliminated by smoothing out the discontinuity in a boundary layer
neighboringthe switchingsurface.We let 8 be a prescribedfunction
of time or a constant value and put

s.x; t/ · 8; 8 > 0 (41)

Then, we can rewrite Eq. (39) as

u D Ou ¡ ksgn.s=8/ (42)

This procedure can be easily extended to our system. That is, we
may write

Rx D f.X/ C B.X/u (43)

where

x D [r; µ ]T ; u D [ur ; uµ ]T ; X D [r; µ; Pr; Pµ ]T

f.X/ D
µ

r Pµ 2 ¡ .¹=r 2/

¡.2Pr Pµ=r /

¶
; and B.X/ D

µ
1 0

0 1=r

¶

Then, we may de� ne ¸, · , ´, and 8. In the following section, we
give two examples in which this technique is applied.

VI. Results
The two examples chosen are 1) an orbital maneuver between

two coplanar, low-Earth circular orbits and 2) an apogee kick � ring
maneuver of a communications satellite from a transfer orbit to
the geostationary orbit. For each example, the problem is to � nd
the trajectories and control laws that require reasonable total 1V
obtained by integrating the total thrust accelerations.

The maneuver time is the same as the coasting time required to
reach the � nal polar angle in an intermediate orbit. The intermedi-
ate orbit was taken as the average of the initial and � nal circular
orbits for the low Earth orbit maneuver and as the � nal orbit for the
geostationary transfer orbit maneuver.

The boundary conditions of the � rst example in the local polar
coordinatesystemand the correspondingLambertorbit for the given
time are given in Table 1. The Lambert orbit has relatively small
eccentricity.It is a coastingtrajectorythat connectstwo given spatial
points. As used here, it satis� es the desired geometric boundary
conditions, but not the boundary conditionson velocity.

Feedback Linearization Method
For a basis to use in comparing the results from different meth-

ods, we obtained a numerical solution to a nonlinear TPBVP, with
no constraintson thrust accelerationas the controlinput.The perfor-
mance index was chosen as an integral of the sum of the squares of
the thrust accelerationcomponents.Because the performanceindex

Table 1 Boundary conditions and Lambert orbit

Boundary conditions Initial Final

Radius r , km 6778.0 7378.0
Polar angle µ , rad 0 2.9496
Radial velocity Pr , km/s 0 0
Angular rate Pµ , rad/s 1:1314 £ 10¡3 9:9623 £ 10¡4

Time, s 0 2782.0

Lambert orbit Orbital elements

Semimajor axis, km 7078.0
Eccentricity 0.042581
Inclination, deg 0.0
Longitude of the ascending node, deg Not de� ned
Longitude of argument of perigee, deg ¡5.6684
True anomaly at t D 0, deg 5.6684
True anomaly at t D 2782:026, deg 174.64
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is not the total 1V required for a maneuver, these nonlinear results
serve primarily as an order of magnitude standard for comparison.

An optimal linear tracking problem was solved using a Lambert
orbit as the reference trajectory, so that the feedback linear system
tracks the Lambert orbit. A performance index was chosen as

J D 1

2
[z.t f / ¡ zd f ]

T S[z.t f / ¡ zd f ]

C
1

2

Z t f

t0

©
[z ¡ zd ]T Q[z ¡ zd ] C ºT Rv

ª
dt (44)

where zd is thedesiredtrajectoryobtainedbyLambert’s theoremand
S f is a positive semide� nite matrix of weights on the � nal state er-
ror. Also, Q and R are a positive semide� nite weighting matrix on
the state and a positive de� nite weighting matrix on the control, re-
spectively.A time-varying Q matrix that weights the state variables
in the performance index was used to obtain a control law with a
thrust-coast-thrustshapeand to avoidextremelysteep peaks in com-
manded accelerations at both ends of the trajectory. The weighting
matrices for the optimal linear tracking problem were selected as

Q.t/ D ".t/

£ diag[9 £ 1011; 7:4 £ 10¡16; 3:53 £ 10¡6; 8:0 £ 10¡5]

S f D diag[1 £ 10¡5; 3 £ 10¡7; 0:7; 0:7]; R D diag[1; 1]

where a time-varying scalar function ".t/ is shown in Fig. 3. As
expected,the time historiesof thrust accelerationshow thrust-coast-
thrust behavior (see Figs. 4 and 5) and those of the state variables
show that the spacecraft enters the Lambert orbit and then leaves it
and merges with the � nal orbit, as shown in Figs. 6 and 7. In these
� gures, NL indicates the nonlinear optimal control solution, FBL
indicates the feedback linearizationsolution, and SLD indicates the
sliding mode control solution.

Sliding Mode Control Method
A sliding mode control scheme using bounded thrust accelera-

tions was also used to obtain a bang–bang type controller for the
same two orbital maneuvers. The thrust accelerations for the � rst
and second examples are bounded by the values of 1

10
g and 1 g

(9.8 m/s2 ), respectively. The sliding surface was chosen such that
s.x; t/ D PQx C ¸ Qx D 0. Table 2 contains the parameters used for
sliding mode control.

The dynamicsystemat handhas the formofEq. (43). It is assumed
that f .X/ and B.X/ are known exactly. In other words, Eq. (36) is al-
ways zero, and Eq. (40) is constant.The term sgn.s=8/ was chosen
as s=8, for s=8 < 1, to keep the system on or very near the sliding

Fig. 3 Time history of scalar function "(t).

Table 2 Parameters

Parameters Example 1 Example 2

¸1 0.10 2.0
¸2 0.053 0.20
´1 7:0 £ 10¡4 0.0043
´2 4:5 £ 10¡5 0.030
81 0.40 0.030
82 0.014 0.050

Fig. 4 Time histories of magnitude of thrust accelerations.

Fig. 5 Time histories of components of thrust accelerations.

surface consistently. The reference trajectory used in the feedback
linearization approach was again used. The bang–bang type time
histories of the controller are shown in Fig. 4. The time histories
of the components of thrust acceleration histories are presented in
Fig. 5. Time histories of state variables are shown in Figs. 6 and 7.
They rapidly merge into the values corresponding to the Lambert
orbit, track those, and then merge into the � nal orbit. A comparison
of the 1V required is made in Table 3. Needless to say, impulsive
solutions to Lambert’s problem have minimum values. However,
bang–bang type solutions with sliding mode control have values
of 1V very close to the impulsive solution and much closer than
the feedback linearization or nonlinear solutions. Also, the thrust
pro� le is more realistic for a space mission. Here, the 1V for the
Lambert’s orbit transfer was obtained from the speci� ed orbit ge-
ometry and 1V determined from the integrals of the magnitudes of
the respective thrust accelerations.
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Table 3 Total costs, D V for each method

Methods 1V , km/s

Lambert’s problem (impulsive), LO 0.321066
Nonlinear optimal control, NL 0.489265
Feedback linearization method, FBL 0.430523
Sliding mode control method, SLD 0.338109

Table 4 Boundary conditions

Initial Final

Radius 1V , km 42,164.0 42,164.0
Polar angle 1V , deg 180.000 181.253
Radial velocity 1V , km/s 0.0 0.0
Angular rate Pµ , rad/s 4:04763 £ 10¡5 7:29212 £ 10¡5

Time, s 0.0 200.000

Fig. 6 Time histories of radial distance and angular velocity.

Fig. 7 Time histories of radial velocity.

The same procedure was applied to the maneuver for apogee
kick � ring of a communications satellite. The reference orbit was
selected as the geostationary orbit. The problem was solved as an
angular position-freeproblem by manipulating the parameters.The
boundary conditions for the problem are presented in Table 4.

Table 2 presents the list of the valuesof parametersfor the second
example. The time history of total thrust acceleration has a bang–

bang shape. The circumferential component of thrust acceleration
has almost the same shapeas thatof total thrust accelerationbecause
the radial component is very small, as shown in Fig. 8.

Fig. 8 Time histories of thrust accelerations.

Fig. 9 Time histories of radial distance and velocity.

Fig. 10 Time histories of angular velocity.

Time histories of radial distance and velocity and angular veloc-
ity are presented in Figs. 9 and 10, respectively. They merge into
the geostationary orbit fast and accurately. The time history of s1

diverges at � rst and � nally converges to zero as does the radial dis-
tance. The time history of s2 converges to zero, as does the angular
velocity (see Fig. 11).

The 1V of Lambert’s impulsive solution for the second example
is 1.368 km/s and that of the bang–bang type solution using sliding
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Fig. 11 Time histories of s1 and s2 .

mode control is 1.383 km/s. Thus, the bang–bang solution is com-
parable to the impulsive solution to Lambert’s TPBVP in terms of
1V . In other words, the tracking is excellent.

VII. Conclusions
Bang–bang type thrust acceleration controllers for orbital ma-

neuvershave been obtainedby using a sliding mode control scheme
with boundedcontrol effort.This approach is a simple and powerful
method to solve the problem de� ned in this paper. The total 1V in
both examples are comparable to those of respective impulsive so-
lutions to Lambert’s problem. It can account for model imprecision
and perturbations even though they have not been taken into ac-
count. Feedback linearizationwas used to solve the same problems.
Even though the solutions obtained by using feedback linearization
are not bang–bang, they are still thrust-coast-thrust type solutions
requiringreasonableamounts of 1V . Applicationsof this approach
are, of course, limited to the speci� c form of dynamic equations.
The main bene� ts of the new approach are that solutions can be
obtained in a very straightforwardmanner.
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